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S Coq

PV! Matita
ProofPower iProver
iProver
HOL Zero modulo
HOL Light \\> (A// Zenon

Zenon

HOL4 modulo

All-calculus modulo «————————

|

Dedukti

- Is it trustworthy?
- Is it expressive?
- Is it efficient?
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LOGICAL FRAMEWORKS

ThH A < X, [T]FM:[A]

- First-order logic (FOL) [Hilbert and Ackermann 1928]
- Higher-order logic (HOL) [Church 1940]
- MI-calculus (LF, \XII, AP) [Harper et al. 1987]

- MI-calculus modulo (AIIR) [Cousineau and Dowek 2007]
- Computation using rewriting
C S =f:A ... fM—N,...
- Used in DEDUKTI
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THE AII-CALCULUS MODULO REWRITING

A-calculus + dependent types + rewriting
X| M4 M| MN | Type | TIx* . B

Evaluation: S-reduction and rewrite rules

Example

R— X+0 — X
X+S() — SX) +y

Typing: modulo 3-reduction and rewrite rules

'EM:A 000 A EBR,B
I'EM:B

Conv
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THE POWER OF REWRITING

Smaller encodings

3+1=4+0 4+0=4
2+2=3+1 3+1=4 i—4
2+2=4 vs o 242=4

Encodings of more powerful theories
- Pure type systems [Cousineau and Dowek 2007]
T, M:A = X, [T] Fame [M] : [A]
Calculus of constructions (CC), higher-order logic (HOL), ...

- Inductive types [Boespflug and Burel 2012]

HOL and Coq?
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[A] = T
[M] = T-intro

MTEM:A = X [I]F T-intro: T X
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PROBLEM II

Cumulative universes

- Intuitionistic type theory (ITT)

- Calculus of inductive constructions (CIC)

'+ Type; : Type; Type, € Type, € Types € - --

T'FA:Type,
I A:Type;, Type; € Type, € Types C -+



CONTRIBUTIONS

- Prove that the embedding is conservative
TEM:A «— X [I]F M :[A]
- Extend the embedding to cumulative systems
Type, € Type; € Type, € ---

- Implement the translation of the proofs of HOL, Coq, and Matita
into Dedukti
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PURE TYPE SYSTEMS

X| MM |MN |s|TIX*.B
Typing: parameterized by a specification (S, 4, R)

- S set of sorts (a.k.a. universes)

cACS XS

cRCSEXSE XS

(s1,52) € A F'EA:s; Ix:AFB:sy (51,52,53) € R
Fs1:ss [FIIX".B:s;3

Example (Induction principle in the calculus of constructions)

Hp("N=ProP) . p0 — (LInN.pn — p(Sn)) — In".pn

1
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LIMITATIONS OF \II

Traditional embeddings in AIT do not preserve equivalence:

Example

[(ME.x)y] = app[d (A (lam [ [ (MD X))y -~ v

This is a problem for computational systems:
A A=B
-8B

CONvV

- Calculus of constructions (CC) X
- Intuitionistic type theory (ITT) X
- Calculus of inductive constructions (CIC) X
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USING REWRITING [COUSINEAU AND DOWEK 2007]

] = X

[MN] = MM

(A M) = L m)

[s] = U

[IIXA.B] = 7,5, [A] (Ax: [A].[B])
[s] = Us

[Ix*.B] = IxlAl.[B]

[M] = Ts[M]

Ts, Us, = Us,

Ts, (75,5, ab) +— TIIx™19.T,, (bX)
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PRESERVATION OF TYPING [COUSINEAU AND DOWEK 2007]

Theorem (Preservation of reduction)

M—=TM = M =T [M]

Theorem (Preservation of equivalence)

Theorem (Preservation of typing)

THFM:A = 3, [T]F M :[A]

14
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TYPING IN THE EMBEDDING VS. IN THE PTS

MTEM:A = M. 3 [T]=M:[A]?
Polymorphic identity function:
I = Xa™P . Ax . x

VHOL s _ Fo- | Mo .o — «

Yoo Fame [[] : MoV we . Ta = Ta A
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TRADITIONAL PROOFS OF CONSERVATIVITY

Given: Sy, [T Fane M : [A]

1. Every-welt-typed-term-normatizes ?

2. Every normal term is the translation of a proof

Get: Tk, N : A
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RELATIVE NORMALIZATION

Preservation of computation:

M1 - M2 — M3 -
Mi] = [Ma] — [M3] —

Proving strong normalization for [M] is at least as hard as for M!

+ CC®°? Brrr...

~ Idea: reduce only what is necessary

Relative normalization
IT X5, [T] = M: [A] then IM’ such that M —* [M'] and T' = M’ : A.

19
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REDUCIBILITY

Proof case:

S, [T M: S, [0 - N
S, [T]F MN : [A] where C{x\N} = [A]

Need a stronger induction!

Definition

Reducibility relation
EM:C

such that

- M : [A] = M. M—*[M] A M A
IFM:TIXE.C <= VYN. IFN:B = IF MN: C{x\N}

20
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CONSERVATIVITY

Theorem (Reducibility)

Yo, A M:C = AlFpM:C

Theorem (Conservativity)
Yo, [Tl Foam M [A] = MM —* [M] ATH, M :A
- Equivalence of type inhabitation v/
IM . Thp M A < 3IM. S, [T] Fam M : [A]
- Soundness of the embedding v/

EM- EHOL7|7AHR M: [[J—]]

21
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SUMMARY

- Have a general embedding of pure type systems in the
All-calculus modulo rewriting

- The embedding preserves typing and computation

- Proved that it is conservative using relative normalization

- Works for all normalizing systems: System F, CC, HOL, ...
- Works for all non-normalizing systems: U, U™, A, ...

22
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CHALLENGES OF CUMULATIVITY

TFA:Type
'EA:Type; Type; C Type, C Typeg C - --

- No uniqueness of types

F Type, : Type; and  F Type, : Type,

- Principal types not preserved by reduction

Fo (AP x) Type, @ Type,
ls
F Typeq o Type;

24
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EMBEDDING CUMULATIVITY

Idea: use explicit casts

' A:Type;
C'E T A:Typei

uj Ui+1
oo HGU’.Hb(T’OHU&.U(

U; — Uiy
T,-+1u,- —  U;
T,‘(TF,‘CIb) — HXT’G.T,'(bX)
Tix1 (15 a) — Tia

25



EMBEDDING CUMULATIVITY

Idea: use explicit casts (Martin-Lof 1984)

' A:Type;
C'E T A:Typei

uj Ui+1
oo HGU’.Hb(T’OHU&.U(

U; — Uiy
T,-+1u,- —  U;
T,‘(TF,‘CIb) — HXT’G.T,'(bX)
Tix1 (15 a) — Tia

25
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I+ X" . B : Type,

141
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MULTIPLICITY OF DERIVATIONS

I'EA:Type; I')x:AF B:Type;
[+ IIX". B : Type, t (A (M. B))
Ik IOx'.B: Type, , ,

I'EA:Type; I'x: Ak B:Type;
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MULTIPLICITY OF DERIVATIONS

I'EA:Type; I')x:AF B:Type;
[+ IIX". B : Type, t (A (M. B))
Ik IOx'.B: Type, , ,

I'EA:Type; I'x: Ak B:Type;
'+ A:Type, Ix:AF B:Type,., mie1 (17 A) (M. T B)
I+ IX'.B: Type,,
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INCOMPLETENESS OF NAIVE CASTS

In the context

% Type; — Typey,

f IIc™P% .pc — L,

g IIa™re: . IIb™Pe1 . p (TIx?. b)
O, b TypeOa

we have

f(Ix?.b) (gab) : L

27



INCOMPLETENESS OF NAIVE CASTS

In the context

p UType1 — UType1>

f IIcVweo .pc — L,

g TIqYmeer _ TIHYrveer p (WTypel a (/\X. b))
a,b UTypel7

we have

f(moa(Ax.b)) (g(To a) (To b)) / L X

27



INCOMPLETENESS OF NAIVE CASTS

In the context

p UType1 — UType1>
f IIcVweo .pc — L,
g TIqYmeer _ TIHYrveer p (WTypel a (/\X. b))
a,b UTypel7
we have
f(moa(Mx.b)) : Ti(p( W= A

g(To a) (to b) : Tu(p( )

27
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Need: uniqueness of the representation of types as terms
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miy1 (1 a) (.1 (bx)) = 1 (ma(Ax.bx))
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RECOVERING COMPLETENESS

Need: uniqueness of the representation of types as terms

Solution: add rewrite rules

mit1 (T a) (M 17 (bX)) — 1 (ma (Ax. bX))

Requires higher-order rewriting [Saillard 2015]

28
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RECOVERING COMPLETENESS

Theorem (Preservation of substitution)

[M{ANY] = [M] O\ [NT}

Theorem (Preservation of equivalence)

M=N = [M]=N]

Theorem (Preservation of typing)

THFM:A = 3,[T]+ M :[A]

29



SUMMARY

- Extended the embedding to systems with cumulativity by using
explicit casts

- Added equations to guarantee uniqueness of term
representation

- Can be adapted to impredicative universes (Prop)

30
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HOLIDE

Holide

https:/ /www.rocq.inria.fr/deducteam/Holide/

- HOL In DEdukti

HOL4
HOL Light
HOL Zero

ProofPower
Isabelle/HOL

32
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Holide

https:/ /www.rocq.inria.fr/deducteam/Holide/

- HOL In DEdukti
- Using the OpenTheory format
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HOLIDE

Holide

https:/ /www.rocq.inria.fr/deducteam/Holide/

- HOL In DEdukti
- Using the OpenTheory format

- Translation of the standard library

Compressed size (KB) Time (s)

OpenTheory  Dedukti Translation Verification
Total 1702 4877 40 22

32
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COQINE

Coqine
https:/ /gforge.inria.fr/projects/coqine/

- COQ IN dEdukti
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COQINE

Coqine
https:/ /gforge.inria.fr/projects/coqine/

- COQ IN dEdukti
- Version 1.0 by Boespflug and Burel (2012)

- Inductive types, modules v/
- Type : Type X
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Coqine
https:/ /gforge.inria.fr/projects/coqine/

- COQ IN dEdukti
- Version 1.0 by Boespflug and Burel (2012)

- Inductive types, modules v/
- Type : Type X

- Version 2.0

- Type; : Type; ; v/
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COQINE

Coqine
https:/ /gforge.inria.fr/projects/coqine/
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COQINE

Coqine
https:/ /gforge.inria.fr/projects/coqine/

- COQ IN dEdukti
- Version 1.0 by Boespflug and Burel (2012)

- Inductive types, modules v/
- Type : Type X
- Version 2.0

- Type; : Type; ; v/

- Universe polymorphism X
- Anonymous fixpoints X

- Functors X

- Interoperability with HOL (A. & Cauderlier 2015)
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KRAJONO

Krajono

https://gforge.inria.fr/projects/krajono/

- Matita in Dedukti

;
/
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- No modules v/
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Krajono

https://gforge.inria.fr/projects/krajono/

- Matita in Dedukti
- Features:

- No universe polymorphism v/
- No anonymous fixpoints v/

- No modules v/

- Proof irrelevance X

- Translation of the arithmetics library

Compiled size (KB) Time (s)
Matita Dedukti Matita Dedukti
Total 3120 11955 438 1412
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LESSONS LEARNED

- There is a wide gap between theory and practice
- It can be very hard to obtain usable proof objects
- We need support for well-specified proof formats

- OPENTHEORY [Hurd 2011]
- L3VN [De Moura 2015]
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CONCLUSION




SUMMARY

- Using the All-calculus modulo as a logical framework for
independent proof checking and proof interoperability

- Embedding of computational higher-order logics that is
sound and complete

- Implementation of automated proof translations:
HOL, CoqQ, and MATITA
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PERSPECTIVES

Translations

- Functors (Coq)

- Local fixpoints (Coq)

- Universe polymorphism (Coq)
- Proof irrelevance (Matita)

- Intersection type systems?
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Interoperability
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